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A one-dimensional first-order nonlinear difference equation which is an extended version of currently well-studied systems is presented and solved analytically. From the exact solution it is shown that for a continuous range of a parameter of the system (i.e., 1) nonperiodic solutions behave in a purely chaotic fashion, whereas for k2 = 1 the exact solution converges to a unique attractor.
In order to study chaos produced by one-dimen sional nonlinear difference equations, simplest pos sible systems such as and (2) where 0 ^ .y" ^ 1, 0 ^ a ^ 4 and 0 ^ b ^ 1, are fre quently taken up as model systems [1. 2] , We have recently carried out precise investigation of charac teristics of Eq. (1) for < r/ = 4 and Eq. (2) for b = 1 utilizing the fact that they can be solved exactly [3] . In this Letter we report that there exists a difference equation, related to the systems (1) and (2), which can be solvable not only for a particular point but for a continuous range of its parameter and that for the parameter range its nonperiodic solutions are purely chaotic. It is well-known that, for example, (1) produces chaos for a continuous range of its parameter a, namely, 3.5699 ... < a ^ 4. However, Kozak et al. [4] suggested from their computer work that only for a = 4 the solutions become purely chaotic supporting a conjecture which had been presented bv Grossmann and Thomae [5] . There fore. it is interesting to see that there actually exists a system that produces pure chaos for a continuous range of its parameter. Another interesting point is that the exact solution of our system suddenly becomes uniformly convergent to an attractor of * Present address: Department of Applied Physics, Waseda University. Tokyo 160. Japan. Reprint requests to Prof. Dr. N. Saito. Dept. of Applied Physics, Waseda University. Okubo. Tokyo 160, Japan. period 1 at an extreme value of the parameter range that corresponds to the pure-chaos region.
Let us consider a nonlinear difference equation
where we restrict 0 ^ k ^ 1. Notice that when the parameter k = 0, (3) reduces to (1) for a = 4. This is a two-parameter system with one of the parameters fixed at 4. The behavior of the rhs of (3) as a func tion of y" is shown in Figure 1 . Introducing a trans formation
where cn (u, k) is the Jacobian elliptic function with the argument u and the parameter k. we can rewrite (3) as -k '2 + 2 k'2 cn: z/" + k2 cnAu. cn (un+,) = (5) k'2 + 2 k2 cn2 un -k2 cn4 un where k'2 = 1 -k2 and cn u = cn (u, k). By using the double-argument formula of the elliptic function, we can rewrite (5) as cn (*/"+,) = cn (2 u").
Once this relation. (6), and the double-argument formula are given, it is straightforward to obtain
Hence the exact solution of (3) is given as
For A=0. cnz/ is identical to cos u and (8) reduces to the exact solution of (1) for < 7 = 4 which was given in [3] , For k = 1, cnu becomes sech u and 0340-4811 / 84 / 0100-0080 $ 01.3 0/0. -Please order a reprint rather than making your own copy. f 0.5 Fig. 1 . Graphs of the rhs of (3) as the parameter k2 is C(n) = changed. From the top to the bottom the curves cor respond to A -2 = 0, 0.9. 0.99, 0.999 and 1. For k2 = 1 the peak at .v = 0.5 disappears. where (8) represents a monotonically converging solution to x = 1/2. For this k = 1 case the initial value should be restricted as 0^.v 0^l / 2 , because any value in the region 1/2 < a ^ 1 is mapped into the region 0 = a = 1/2 by the first iteration (see Figure 1) . By imposing a condition on the argument un in (6) such that 0=lz/"=5 2A' for all n is 0 ,
where K= K(k) is the complete elliptic integral of the first kind, we see the relationship of (3) to wellstudied (2) . From (9) we have 2 un (0 2(2 K -u n) (K < u n^2 K ) (10) which reduces to (2) for b = 1 when scaled by 2 K. Using (7) the exact solution of (10) is given as un = CnH (cn (2" w0) ) ,
where Cn '(.) means it is restricted such that 0 ^ C rr'(.) si 2 K. As we have obtained the exact solution of (3), we can locate the Fixed points of period /?, which we denote x{p\ for any positive integer p. The fixed points of period p is given by the condition, in a new variable u = 2 K c cn (2P x2K c(p)) -cn (2K cip)) and cn (2c/x 2K c{p)) + cn (2 K cip)) for any positive integer q less than p.
13)
All the conclusions on the fixed points in c-space derived in [3] (Sects. 3 and 4) also hold for the present case. It is evident that our system has fixed points of any period p. Furthermore, we can show that if the initial value in the c-space is a rational number, then the solution eventually falls into a periodic fixed points, and if it is an irrational number, then Eq. (8) becomes nonperiodic (see [3] ).
In order to show that the nonperiodic solutions of (3) behave in a purely chaotic fashion, we calculate the correlation function defined as (14) <(.y,-<.y">) (a" -<a»> <a" a>~ <a"><a> <(.y-<a-»2> <aV<-V>2
In (15) the function W(x) denotes the invariant measure which can be readily derived from the exact solution (4) as
Graphs of IF (a) are shown in Fig. 2 for some values of k2. It is easy to see that 
where 2 K 1= J cn(2"i/)cn« du.
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For n = 0 it is obvious that 1 is a positive finite quantity. Hence <.y2> is a positive finite. For n ^ 1, 7 = 0 since cn u is an even function of the period 4 K and cn(2"w) has the period of 2ÄV2"-1. Conse quently, we have C (0) = 1 and C(n) = 0 for n ^ 1 which means that nonperiodic solutions of (3) behave in a purely chaotic way for 0 ^ k2 < 1.
